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The objective of this paper i s  to summarize the current 
understanding of quantum detectors, the noise mechanisms which a r e  
basic to their operation, and the application to optical communication 
theory. In this context we a r e  considering channels in which the 
Electromagnetic field is not subjected to any propagation effects 
other than a geometric loss. (Such a channel would exist between 
satellites. ) Consequently, we will concentrate on optimum time pro- 
cessing using the tools of statistical communication theory. 
Fundamental to the study of a detection process is the need 
to develop a good mathematical model to describe it. [ l -61 Therefore, 
approximately one-fifth of the paper i s  devoted to establishing in a 
semi-classical analysis the quantum detector output electron number 
a s  a conditional Poisson process withthe conditioning variable being 
the modulus of the electromagnetic field. Once this has been estab- 
lished, these results a r e  used to derive various limiting probability 
densities related to actual practice. Although the mathematical 
details a r e  omitted, this will be presented from the viewpoint of 
orthogonal function expansions and interpreted in t e rms  of an eigen- 
space. 
The resulting current flow is next analyzed a s  a shot noise 
process and the power density spectrum is calculated. Attention is 
focused on iso!.ating the signal components f rom the noise in t e r m s  of 
both the current  probability density and the poTvver density spectrum. 
Examples a r e  given where appropriate.  At this point an  understanding 
of the underlying noise processes  will have been presented and atten- 
tion will shift to analog and digital communications. 
The analog communication will be presented pr imari ly  in 
t e r m s  of the signal-to-noise rat io  although some attention will be 
given to continuous estimation. The S I N  ratio in d i rec t  detection will 
be presented both a s  a rat io  of the integrals of two separate  gortions 
of the spectrum and a s  a rat io  of two moments of the probability den- 
sity describing the current .  These calculations will be extended to 
include heterodyne detection. 
Digital communications will be discussed in the context of 
detection theory. It will be shown that the likelihood rat io  i s  often a 
monotonic function of the random variable representing the number of 
electrons flowing. Hence optimum processing will consist  of a 
weighted count of electrons f rom various counting modes. Digital 
design will be presented in t e r m s  of M-ary signalling, e r r o r  prob- 
abili t i tes,  and information ra tes .  
I. INTRODUCTION 
W e  begin  wi th  a  c l a s s i c a l  d e s c r i p t i o n  f o r  t h e  energy and 
momentum d e n s i t i e s  of a radiati.011 f i e l d  f o r  b o t h  t h e  s i n g l e -  and 
multi-mode cases .  Confining our  t r e a t m e n t  t o  t h e  s e m i - c l a s s i c a l  
t h e o r y ,  w e  ske t ch  briefly t h e  argurcent t h a t  t h e  p r o b a b i l i t y  of  
e j e c t i n g  an e l ec t roc  from a  photo-cathode s u r f a c e  i n  a  s h o r t  
t i m e  i n t e r v a l  i s  p ro l>or t iona l  t o  t h e  l i -yh t  i n t e n s i t y .  From t h i s  
p o i n t  of  view, w e  deduce an exp res s ion  f o r  t h e  p r o b a b i l i t y  of  
r e l e a s i n g  n  pho toe l ec t rons  i n  a t ime T i n  terms of  a weighted 
Poisson  d i s t r i b u t i o n .  The weight  f a c t o r  i s  t h e  p r o b a b i l i t y  d i s t r i -  
b u t i o n  f o r  t h e  accumulated energy r ece ived  on t h e  p h o t o d e t e c t i v e  
J 
s u r f a c e  i n  equa l  t imes .  
Semi-Class ical  Theory 
Normal-Mode Decomposition of t h e  F i e l d . -  
- - 
W e  beg in  ou r  
d e s c r i p t i o n  of t h e  s e m i - c l a s s i c a l  t heo ry  o f  r a d i a t i o n  and m a t t e r  
by w r i t i n g  down t h e  f r e e  space  wave equa t ion  f o r  t h e  v e c t o r  
-+ -+ p o t e n t i a l  A ( r ,  t )  , 
-+ 
E l e c t i n g  t o  work i n  t h e  Coulomb gauge,  d i v  A = 0 ,  t h e  e lec t r ic  
and magnet ic  f i e l d  v e c t o r s  are now g iven  by: 
B = c u r l  A 
C o n c e n t r a t i n g  f i r s t  on  a  s i n g l e  mode o f  t h e  r a d i a t i o n  f i e l d ,  a  
p l a n e  wave i s  c h a r a c t e r i z e d  by the components o f  t l ie wave v e c t o r  
-+ k = (kx, k k ) where w = k c .  tlowever, even a f t e r  s p e c i f y i n g  
y f  
t h e  d i r e c t i o n  and frequsncy- of a  p l a n e  e l e c t r o m a g n e t i c  wave, 
t h e r e  s t i l l  e x i s t s  t l ie  r ~ c ! s i b i l i t y  o f  two,  i n d e p e n d e n t ,  o r t h o g o n a l  
h A 
p o l a r i z a t i o n  d i r e c t i o n s ,  c l  and 02. 
A p l a n e  wave, t h e n ,  at f r e q u e n c y  w p r o p a g a t i n g  i n  t h e  d i r e c -  
A 
t i o n  k can  be ~ . r r i h t : e n  a s :  
A A 
where - i w t  3 = (a,,, + a,,,) e 
I t  w i l l  a l s o  t u r n  o u t  t o  b e  u s e f u l  t o  l i s t  t h e  e n e r g y  d e n s i t y  LI 
-+ p l u s  t h e  l i n e a r  and  a n g u l a r  momentum d e n s i t i e s  and m a s s o c i a t e d  
w i t h  t h i s  wave. 
. L 
+ 2 x 3  - 2 w  E o  
E l =  2 - - -  
I (i; x c u r l  it) = 2 c l a l a c  
C PoC 
where 
- 4 7  (al ia2) bg - - 
We a r e  fo l lowing  he re  t h e  n o t a t i o n  of Louise11 ( r e f .  7 ) .  
The ambigui ty  i n  s i g n  i n  t h e  l a s t  e x p r e s s i o n  i s  removed when w e  
choose e i t h e r  r i g h t -  o r  l e f t -handed  c i r c u l a r l y  p o l a r i z e d  l i g h t .  
Of cou r se ,  f o r  l i n e a r l y  p o l a r i z e d  l i g h t ,  a l  and a 2  a r e  i n  phase  
2 
s o  t h a t  w i t h  1 b+ 1 = 1 b- 1 no n e t  angu la r  momentum i s  propaga ted .  
W e  a l s o  add i n  pas s ing  t h a t  t h e  second term i n  E q .  (3a)  i s  added 
3 +* 
t o  ensu re  t h e  r e a l i t y  of A = A . A p l a n e  wave t r a v e l i n g  i n  t h e  
A +- 
o p p o s i t e  d i r e c t i o n  (-k) i s  o b t a i n e d  by changing t h e  s i g n  o f  k .  
F i n a l l y ,  a s t and ing  wave i s  d e s c r i b e d  by t ak ing  a  l i n e a r  combina- 
3 + 
t i o n  of t h e  exp res s ion  w i t h  +k and -k. Before moving on t o  t h e  
multimode d e s c r i p t i o n  of t h e  r a d i a t i o n  f i e l d ,  w e  w i l l  now s e l e c t  
a s i n g l e  p o l a r i z a t i o n  component o f  t h e  f i e l d  and decompose t h i s  
complex q u a n t i t y  i n  t h e  form: 
Under t h i s  t r ans fo rma t ion  of v a r i a b l e s ,  t h e  energy and momentum 
d e n s i t i e s  become: 
s o  t h a t  a s  f a r  a s  ene rgy  and momentum c o n s i d e r a t i o n s  a r e  concerned ,  
t h e  r a d i a t i o n  f i e l d  can  be t r e a t e d  a s  a  s i m p l e  harmonic o s c i l l a t o r  
obey ing  H a m i l t o n ' s  c a n o n i c a l  e q u a t i o n s  o f  mot ion :  
Turn ing  now t o  t h e  multiniode d e s c r i p t i o n  of  t h e  f i e l d ,  w e  impose 
p e r i o d i c  boundary c o n d i t i o n s  by i n t r o d u c i n g  t h e  t r i a d  of  i n t e g e r s  
R1, R 2 ,  and  R 3  i n t o  t h e  r e l a t i o n :  
For  economy i n  n o t a t i o n ,  w e  w i l l  h e n c e f o r t h  u s e  t h e  symbol R t o  
imply  t h i s  t r i a d ,  and a l l  F o u r i e r  sums w i l l  b e  t r e a t e d  a s :  
Moreover,  t h e  o r t h o g o n a l i t y  r e l a t i o n :  
-+ -f i ( C  -k 1)-r " dxdydx = V6 R R  I 
t a k e n  o v e r  a  cube o f  volume V = L3 w i l l  g u a r a n t e e  t h a t  e a c h  mode 
w i l l  c o n t r i b u t e  i n d e p e n d e n t l y t  t o  t h e  t o t a l  ene rgy  and momentum o f  
t h e  - f i e l d .  
+Of c o u r s e ,  t h i s  l a c k  o f  c r o s s  te rms i n  add ing  up t h e  t o t a l  ene rgy  
of a sys tem i s  t h e  whole i d e a  beh ind  normal mode d e c o m ~ o s i t i o n .  
- L 
A l s o ,  choos ing  p l a n e  wave e i g e n f u n c t i o n s ,  o r t h o g o n a l  o v e r  c u b i c  
geomet ry ,  i s  m e r e l y  t h e  s i m p l e s t  way t o  p roceed .  U l t i m a t e l y ,  w e  
w i l l  work w i t h  t h e  mode d e n s i t y ,  i n  which c a s e  t h e  s i z e  and shape  
o f  t h e  c a v i t y  w i l l  n o t  a p p e a r .  
W e  a r e  now i n  p o s i t i o n  t o  p u t  a l l  t h e s e  p i e c e s  t o g e t h e r .  
S t a r t i n g  w i t h  t h e  multi-mode d e s c r i p t i o n  of t h e  v e c t o r  p o t e n t i a l :  
-% 3 + -+ 
~ ( r , t )  =CCaeoe i k Q e r  + complex c o n j u g a t e  
Rra 
and i n t r o d u c i n g  t-he c a n o n i c a l  v a r i a b l e s  q  and  pRa t h r o u g h  t h e  Rcr 
r e l a t i o n  : 
w e  may now l i s t  t h e  e x p r e s s i o n s  f o r  t h e  t o t a l  energy  and momentum 
o f  t h e  f i e l d  i n  t h e  form: 
These  e q u a t i o n s  i n d i c a t e  t h a t  s o  f a r  a s  e n e r g y  and momentum are 
concerned ,  t h e  r a d i a t i o n  f i e l d  may b e  c o n s i d e r e d  a s  a c o l l e c t i o n  
o f  o s c i l l a t o r s ,  e a c h  c o n t r i b u t i n g  ( p e r  mode) t o  t h e  t o t a l  e n e r g y  
and momentum. W e  p o i n t  o u t  h e r e  t h a t  a  quantum o s c i l l a t o r ' s  l e v e l  
of e x c i t a t i o n  i s  g i v e n  by W = n  PI Ba &B wRt and  when t h i s  c o n d i t i o n  
i s  i n s e r t e d  i n t o  E q ,  (131, t h e r e  r e s u l t s  t h e  c o n c l u s i o n  t h a t  a 
r a d i a t i o n  f i e l d  may b e  t r e a t e d  a s  a s u p e r p o s i t i o n  o f  d i s c r e t e  
** 
photons, n per mode, each possessing energy Tiw rnomentum30k/c Ra R ' 
and angular momentum 5%. 
(B) Interaction Between an Atom and a Radiation Field.- A 
------
complete description sf the emission and absorption of light by an 
atom influenced by a radiation field is well beyond the scope of 
this paper. The reader, interested in the details of the process, 
is urged to consult references (7-10). We present here only a 
bare outline of th? api2roach insofar as it related to the photon 
counting distribution. 
Starting with the complete Hamiltonian for a charged particle 
in an electromagnetic field: 
we neglect the term in e2 and use the gauge condition divA = 0 
to- reduce this to: 
2 
where HA = + eV is the Hamiltonian of the atom, RR =CCHRo 2m R a 
is the Hamiltonian of the radiation field, and HI = - e -t -t - Asp is 
m 
the interaction Hamiltonian. Combining the first two terms into 
the unperturbed Hamiltonian Ho = H + HR, we next treat HI as a A 
perturbation and attempt to solve the Schrodinger equation: 
Using the method of first order perturbation theory, we attempt 
an expansion of I $ >  into a linear combination (with time varying 
0 
coefficients) of the eigenstate of the unperturbed 
Wmiltonian, known to satisfy the equation: 
In this expansion we have 
0 
and the probability of finding the system in a state I$  > is: n 
* 
~ s s u h i n ~  then that the combined system, atom plus radiation field, 
begins in some initial state, li>, Eq. (18) implies a set of 
coupled equations for the probability amplitude (Cn(t)) from which 
one can determine I cf (t) 1 2, the probability of finding the combined 
system in the final state I  f >. Summing over. all final states, and 
making a number of simplifying assumptions (refs. 8, 9, lo), one 
ends up with Fermi's "golden rule" for the probability per second 
for a transition in the form: 
Here, p(Ef) is the density-in-energy of the final states, and 
< f l ~ ~ l i >  represents the matrix element of the perturbation 
Hamiltonian between the initial and f i n a l  states, men applied 
to the problem of an atom in a radiation field, one must disti 7uish 
be tween  t h e  c a s e s  when o n l y  t h e  atorn and  b o t h  t h e  a tom a n d  t h e  
r a d i a t i o n  f i e l d  a r e  t r e a t e d  a s  q u a n t i z e d  s y s t e m s .  I n  t h e  fo , rmer ,  
t h e  s e r n i - c l a s s i c a l  t r e a t m e n t ,  one  c a n  c o r r e c t l y  deduce  E i n s t e i n ' s  
B c o e f f i c i e n t  f o r  s t i ! i ~ u l a t e d  e n \ i s s i o n  a n d  a b s o r p t i o n  i n  t e r m s  o f  
t h e  e l e c t r i c  d i p o l e  n:onent t a k e n  be tween  t h e  i n i t i a l  a n d  f i n a l  
wave f u n c t i o n s  o f  t h e  atom. On t h e  o t h e r  hand ,  when o n e  a l s o  
q u a n t i z e 6  t h e  f i e l d  i n c l u d i n g  t h e  z e r o  p o i n t  f l u c t u a t i o n ,  t h e n  
E q .  ( 2 0 )  a l s o  ;~rec! iz t s  t h e  e x i s t e n c e  o f  E i n s t e i n ' s  A c o e f f i c i e n t  
f o r  spon ta r l eous  c r i s s i o n .  
( C )  P h o t o n  Count::ii-ir; S t a t i s t i c s .  - The consequence  o f  Eq. ( 2 0 )  
-- - 
t h a t  i s  of  i m p o r t a n c e  t.o u s  i s  t h a t  it l e a d s  ( r e f .  8 )  t o  t h e  
r e s u l t  t h a t  i n  a s h o r t  t i m e ,  A t ,  t h e  p r o b a b i l i t y  o f  e j e c t i n g  a n  
e l e c t r o n  from a n  atom o n  t h e  s u r f a c e  o f  a p h o t o c a t h o d e  i s  p r o p o r -  
t i o n a l  t o  t h e  i n c i d e n t  i n t e n s i t y  o f  t h e  l i g h t ,  I ( t ) .  T h a t  i s ,  
p l ( t , t  + A t )  = f3I(t) A t  
F o r  s u f f i c i e n t l y  s h o r t  t i m e s  P o ( t , t  + A t )  1-8 ~ ( t )  A t  so t h a t  
i n  a n  i n t e r v a l  ( 0 ,  t + A t )  t h e r e  are b u t  t w o  ways o f  r e l e a s i n g  
n  p h o t o - e l e c t r o n s ,  g i v e n  by: 
P n ( O , t  + A t )  = P,-l ( O f t )  6 1  ( t ) A t  + P n ( O , t )  (1-61 ( t ) A t )  (22) 
S u b t r a c t i n g  P n ( O , t )  f rom b o t h  s i d e s  a n d  d i v i d i n g  by  A t  b e f o r e  
p a s s i n g  t o  t h e  l i m i t ,  w e  c a n  w r i t e :  
The s o l u t i o n  t o  t h i s  d i f f e r e n t i a l - d i f f e r e n c e  equat ion i s :  
Now, i f  t h i s  process  were c a r r i e d  o u t  a  number of t imes over  
s i m i l a r l y  prepared r e a l i z a t i o n s  of t h e  f i e l d ,  t h e  average over  
t h i s  ensemble would lead  t o  . 
n -Bw A W ( ~ w )  e
P n ( t , T )  = n! P ( w )  d w  
where 
.,w =st + ' ~ ( t ' )  d t '
t 
and P (w)dw i s  t h e  p r o b a b i l i t y  f o r  w t o  l i e  i n  t h e  range (w,  w+dw). 
( D )  Mode Density.-  So f a r  a s  t h e  ques t ion  of d e n s i t y  of 
r a d i a t i o n  modes i s  concerned, we can s t a r t  from one of s e v e r a l  
p o i n t s . o f  view. From t h e  viewpoint of wave o p t i c s ,  l i g h t  of wave- 
length  X emerging from a  s l i t  of width Ax can be expected t o  
produce i n t e r f e r e n c e  and d i f f r a c t i o n  e f f e c t s  over  an angle  Aa 
such t h a t  Ax Aa - A .  Extending t h i s  not ion  t o  t h e  e lementa l  a r e a  
A s  = AxAy w e  s e e  t h a t :  
In terms of the "coherence area", this can be written as: 
Further, if light proceeding from As has a bandwidth Av then 
there exists a "coil::~.renc? the" , At - l / A v ,  corresponding to a 
"coherence length" , I: & = cAt - c/Ov. Dividing by two to take 
into account the two independent polarization states, we now write 
for the "coher:>nce volume" : 
In a volume V, we expect to find AN = V/AV modes, or in ter~s 
of mode density: 
. . . .. 
For isotropic radiation, this reduces to the familiar expression: 
From a purely quantum statistical point of view, the elementary 
cell size in phase space is given by: 
s o  t h a t  f o r  a  beam of photons of momentum p = -- hv i n  a s o l i d  a n g l e  
C 
A R  about  p we have:  
AxAyAz - h3 - - -  h3 3 2 
P ~ A P A '  y A v A R  
Oiv id ing  by two t o  account  f o r  t h e  two or thogona l  p o l a r i z a -  
t i o n  s ta tes ,  w e  end up wi th ,  aga in :  
I t  is impor tan t  t h e r e i o r e  t o  know how many s p a t i a l  and 
temporal  modes o f  t h e  r a d i a t i o n  f i e l d  i n t e r a c t  w i th  t h e  photo- 
d e t e c t o r .  W e  s h a l l  s e e  t h a t  a  s i n g l e  mode of c h a o t i c ,  t he rma l  
r a d i a t i o n ,  and s t a b i l i z e d  l a s e r  r a d i a t i o n  l e a d ,  r e s p e c t i v e l y ,  t o  
. . 
Bose-Einste in  and Poisson  photocount d i s t r i b u t i o n s .  For t h e  case 
of s e v e r a l  r a d i a t i o n  modes, one needs t o  c a l c u l a t e  t h e  p r o b a b i l i t y  
d i s t r i b u t i o n  f o r  t h e  sum of  s e v e r a l  random v a r i a b l e s  l e a d i n g  t o  
m u l t i p l e  convo lu t ions .  
11. COMPOUND PHOTOCOUNT DISTRIBUTIONS 
I t  is  clear i n  view of t h e  preceeding d i s c u s s i o n  . t h a t  when 
us ing  a  quantum d e t e c t o r ,  one always has  a Poisson  p roces s  
governing t h e  c u r r e n t  flow. That  i s ,  t h e  number Nt  of e l e c t r o n s  
f lowing i n  any i n t e r v a l  ( 0 , t )  i s  a random v a r i a b l e .  I f  t h e  t i m e -  
space envelope of t h e  projected EM f i e l d  [ V  ( 7  ,r) - 1 ,  (O,t) i s  given, 
then t h e  p r o b a b i l i t y  d e n s i t y  f o r  Nt = k e l e c t r o n s  t o  flow i n  t h i s  
i n t e r v a l  i s  
If o n  t h e  o t h e r  hand t h e  q u a n t i t y  I v ( T , ~ )  1 i s  random o r  h a s  a  
random component,  t h e n  e q u a t i o n  (1) i s  a  c o n d i t i o n a l  d e n s i t y  a n d  
must  b e  w r i t t e n  a s  Px ( k  1 v T , 1 . TO f i n d  PN (k) r e q u i r e s  t h e  
t t 
a d d i t i o n a l  a v e r a g i n g  
F o r  t h e  p u r p o s e  o f  t h i s  d i s c u s s i o n  w e  w i l l  assume t h a t  t h e  i n t e g r a -  
t i o n  o v e r  t h e  d e t e c t o r  s u r f a c e  mere ly  y i e l d s  a  c o n s t a n t  ( e . g . ,  a  
p o i n t  d e t e c t o r )  and t h a t  w e  can  w r i t e  
w i t h  a = q,/hv, q t h e  quantum e f f i c i e n c y  , and 1 a  ( T )  1 t h e  
i n s t a n t a n e o u s  power i n  t h e  r e c e i v e d  p r o c e s s .  N o t i c e  t h a t  1 a  ( T )  1 
i s  t h e  e n v e l o p e  of  t h e  r e c e i v e d  p r o c e s s  and t h a t  Eq. (35)  r e a l l y  
amoullts t o  p e r f o r m i n g  t h e  f i n a l  a v e r a g e  o v e r  t h e  s t a t i s t i c s  of  
t h e  e n v e l o p e .  
I n  most  communication problems (and t h e  o n e s  which w e  w i l l  
c o n s i d e r ) ,  t h e  f u n c t i o n  a ( T )  c a n  b e  e x p r e s s e d  a s  t h e  l i n e a r  sum. 
of a  known s i g n a l  s ( T )  and a  n o i s e  p r o c e s s  n ( . r ) .  The s i g n a l  may 
a l s o  c o n t a i n  a  s t o c h a s t i c  p a r a m e t e r ,  a ,  t o  r e p r e s e n t  a  channel  
d i s t u r b a n c e  s u c h  as fading. A s  is common a t  Lower f r e q u e n c i e s ,  
t h e  component n ( a )  can be  a c c u r a t e l y  modelled a s  a  Gaussian n o i s e  
p roces s .  
Hence, we w i l l  assume t h a t  a ( ~ )  can be w r i t t e n  a s :  
which is  t h e  complex envelope of a  d e t e r m i n i s t i c  s i g n a l  p l u s  a  
narrow-band Gaussian n o i s e  p r o c e s s ,  a ( ~ ) ,  c e n t e r e d  a t  some high 
f requency f  0 ; 
I t  is  a l s o  meaningful  t o  expan-d a ( ~ , o )  i n  a  complete c r t h o -  
normal Karhunen-Loeve s e r i e s  ( r e f .  11): 
having t h e  fo l lowing  p r o p e r t i e s :  
(1) The {Oi ( T )  1 are s o l u t i o n s  t o  t h e  i n t e g r a l  :-( & t i o n :  
where 
Kn(p,v) = ~ [ n ( ~ ) n * ( v ) ]  
i s  t h e  covariance f u n c t i o n  s f  t h e  noise  and i s  a r ea l  funckion.  
(3) The equality is in the sense of "limit-in-the-mean" . 
( 4 )  (mi,") = aij 
(5 )  The ai(o) are indcpcndent.Gaussian random variables, when 
conditioned on 0. 
The generating 5uncticn of this process Nt can then be written 
as (ref. 12): 
which, using property (5) and reference (13) reduces to: 
At this point, the variable a will be suppressed, although it must 
be considered as a conditioning variable when encountered in 
practice. 
Notice that MN (s) is a product of identically distributed 
t 
functions. The inverse transform of the ith component is: 
(k: 1 z= I ~ L =  L~ \ Ti- 
1 - 1 1  
(aAi) ki a. + ahi 2 
-alsil 
- 
I% (1 i- ahi) ( 3 7 )  (1 + ah,)" i \w"i 
where Lx ( y )  is the Laguerre polynomial. 
(A) No Additive Noise.- - In the limit as hi + 0 Eq. (37) 
approaches: 
and 
where k = .X ki is the total.count and E = C lsilL is the total 
i=O S i=O 
signal energy in the (0,t) interval. Thus the deterministic 
signal alone yields a Poisson distributed count. This, of course, 
could have been deduced immediately from Eq. ( 3 4 ) .  Notice, 
2 however, that when 1 si 1 = 0, 
and each of the coordinate components is Bose-E ins te in ,d i s t r ibu ted  
(ref, 4 1 ,  
In summary we see that; the signal alone can be considered 
to be Poisson distributed along each of its coordinate axes in 
Hilbert Space; Gaussian noise alone is Bose-Einstein distributed 
along a particular set of coordinate axes in Hilbert Space; when 
signal is added to the noise the resultant process is distributed 
according to Eq. ( 3 7 )  alonq each of the coordinate axes determined 
by the noise alone. 
( B )  Band-Ljil - -- .cd ;kite Gaussian Noise. - An important case 
occurs in comunic~ition theory when the signal and noise are 
passes through a filter before detection. We will consider the 
case where the process a(1) is band limited by a rectangular filter 
with bandwidth 2B. We will also assume that the noise was 
initially white, with spectral density No. 
It has been shown (refs. 12, 13, 14) that when a process i.s 
band limited and then.observed over a time interval (0,t) the 
~i~enfunctions are prolate spheroidal wavefunctions. It has also - 
,been shown that the first (2Bt+l) of these functions accurately 
approximate the original function. This appears valid for values 
of 2Bt as low as 3 and 5 (ref. 11). Therefore, it is a good 
engineering approximation to assume that the eigenvalues associated 
Z 
with the first (2Bt+l) coordinates are each No with the remaining 
ones being zero. The generating function, MNt (s) in Eq. (3) then 
becomes : 
with the corresponding probability density being 
( 4  1) 
r a t  
where Lk 1.1 4, L e 7 u c * r ~  JdnC.~lrn. 
We will now consider some limiting forms of Eq. (41). 
(C) No S i g n a l . -  . .. In the absence of signal, Eq. (41) reduces 
which is a negative binomial distribution. There are two important 
limiting cases for this distribution: 
(aNo) k 
(1) Limit (k) = 
2Bt -+ 0 "t (1 + aNo) k + l  
For 2Bt << 1, there is only one significant eigenvalue, the 
it can clearly average value. Since this occurs when t <i - 2B' 
be related to the approximation 
& 
using the mean value theorem for integrals. This latter approxima- 
tion is comonly used to obtain this result but lacks the insight 
as to the meaning ar the range of validity. 
[ a  2 B t  F : ~ ] ~  - u 2 B t N o  
( 2 )  L i m i t  (k) = k! e 2Bt l a r g e  't
Not ice  t h a t  s i n c e  211 C i s  the noise  power, 2BtuNo i s  t h e  t o t a l  o 
no i se  enerqy i n  the ( 0 ,  t) j n t e r v a l .  I f  we w r i t e  t h i s  a s  i t ,  w e  
have : 
where 7 i s  i n  f a c t  the t ime-averaged n o i s e  power 
Thus, f o r  l a r g e  2 R t ,  there  i s  a smoothing of the f l u c t u a t i o n s  i n  
t h e  n o i s e  p r o c e s s ,  and Poisson  s t a t i s t i c s  p r e v a i l .  The c o n d i t i o n  
uNo <<  1 i s  a l i t t l e  d i f f i c u l t  t o  i n t e r p r e t ,  e x c e p t  t h a t  i t  i m p l i e s  
t h e r e  be  much l e s s  t han  one n o i s e  count  p e r  deg ree  of freedom, 
which i s  e a s i l y  ob ta ined  i n  p r a c t i c e .  I f  one r ecogn izes  t h a t  a  
narrow o p t i c a l  f i l t e r  h a s  a bandwidth on t h e  o r d e r  o f  l& a t  
v i s i b l e  wavelengths ,  o r  about  100 GHz, it i s  c l e a r  t h a t  l a r g e  2 B t  
is t h e  most common form of o p e r a t i o n .  2Bt w i l l  be  comparable i n  
magnitude t o  t h e  r a t i o  o f  t h e  o p t i c a l  f i l t e r  and system bandwidths.  
F u r t h e r ,  s i n c e  a lmos t  a l l  n o i s e  has  a t he rma l  o r i g i n ,  
is satisfied at optical frequencies. Actually, this is true 
asslaming one mode of operation. However, for the purposes of this 
discussion we have considered a plane wave, or one spatial mode. 
(D) Signal Plus Noise.- For this case, there are also two 
limiting conditions for Ey  . (41) : 
k -a (sts) (&No) 1 + aNo 
(1) lim (k) = e -a (sf S) 
2Bt + 0 "t (1 + aNo) l + k  aNo(l + aNo) 
As in the case for no signal, the probability density reduces to 
that of an individual coordinate, Eq. (37). Again, this can be 
interpreted a$ the zero order eigenvalue or average value, as in 
Eq. (42) : 
[ ~ { Z B N ~ ~  + (s,s) I]]' -a{2~~~t+(s,s)) 
(2) lim (k) = k! e 
. 2Bt large "t 
aNo <<  1 
As might be expected from condition (C-2) and Eq. (38), the 
limiting condition for large 2Bt and aNo << 1 corresponds to a 
Poisson-distributed signal plus independent Poisson-distributed 
i 
noise. Since this is the most common condition that one encounters 
in practice considerable effort has gone into exploring this 
approximation (refs. 17-20) . 
(E) . Let us re-examine E q .  (37) 
and (41). Equation (41) is obtained as a (2Bt + I)-fQld c~nvoluti~n 
of probability densities in E q .  ( 3 7 ) ,  where all the hi's are equal 
to No. This can be written as: 
2Bt 
where @ d e n o t e s  a  (2Bt + 1) f o l d  c o n v o l u t i o n .  ~ o t i c e  t h a t  t h e  
i = O  
o n l y  way i n  which the s i g n a l  e n t e r s  i s  t h r o u g h  t h e  e n e r g y  ( s , s ) .  
Now 
and  s i n c e  t h e  s i g n a l  i s  band l i m i t e d  t o  + B ,  w e  c a n  p a r t i t i o n  t h e  
( 0 , t )  i n t e r v a l  i n t o  (2Et  + 1) e q u a l  A t  i n t e r v a l s  where (2Bt + 1) AT 
= t .  W e  c a n  t h e n  c l o s e l y  approx imate  ( s , s )  as:  
2Bt 2  
( S I S )  Isj  AT) 1 AT; j = 0 ,  1, 2,  * - *  , 2Bt 
j = O  
2Bt 
.We c a n  a l s o  w r i t e  k a s  k = C k .  where k .  i s  t h e  c o n t r i b u t i o n  j=o  1 1 
of t h e .  j th i n t e r v a l  t o  t h e  t o t a l  c o u n t  k .  E q u a t i o n  ( 4 1 )  can  t h e n  
be decomposed i n t o  a  (2Bt + 1 ) - f o l d  c o n v o l u t i o n  o f  t h e  form: 
N o t i c e  t h a t  Eq. ( 4 4 )  i s  e q u i v a l e n t  t o  Eq. ( 4 3 )  and would he 
i d e n t i c a l  i f  1 s .  l 2  = 1 s j  / AT f o r  a l l  i = j  . On t h e  o t h e r  hand,  
1 
~ g .  (44) is meaningful as representing a processable signal formed 
from independent samples as opposed to an abstract eigenspace. 
For the particular case where the noise process is wide sense 
stationary and 2Bt is large, (See, for example, reference (ll)), 
one can approximate the eigenfunctions by harmonically related 
cissoids, and 1 si 1 and No represent the Fourier coefficients of 
the power density spectrum. Equations (43) and (44) then express 
the duality of signal processing and design in both time and 
frequency. 
We can elaborate on this duality using the time-frequency 
representation first considered by Gabor (ref. 21), Figure 1. The 
received process a ( ~ )  considered, exists over the interval (O,t), 
with frequency components primarily contained in the interval 
(-8, + 5 ) .  This is a Hilbert space of (2Bt + 1) dimensions which 
1 
can be considered either as intervals of bandwidth F in frequency or 
in time. Hence, we can observe the count k by looking duration - 2~ j ( ) with a filter of bandwidth 28 in the time interval - 
or we can observe the count ki by looking in the frequency band 
\ 
i (-8 + f ,  -B + + for a time t. The first measurement is a sum t 
of, all the squares in the jth column, while the latter is a sum 
th 
of all the squares in the i row. 
If the process is not wide sense stationary, we c'an still 
use Parseval's Theorem to write (s,s) as: 
and wr i te  a  d e n s i t y  s i m i l a r  t o  Eq.  ( 4 4 ) .  K would b e  t h e  t o t a l  R 
c o u n t  i n  t h e  band A f  i n  t h e  i n t e r v a l  ( O f t ) .  However, one c a n n o t  
a s s i g n  t h e  r i g o r o u s  d e f i n i t i o n  o f  power d e n s i t y  spec t rum t o  t h e  
n o i s e  and t h e  n o i s e  c o e f f i c i e n t s .  
W e  n o t e ,  f i n a l l y ,  t h a t  t h e  most  common s t a t i s t i c a l  b e h a v i o r  
e n c o u n t e r e d  i n  p r a c t i c c  y i e l d s  2BAT>>1. Hence, c o n d i t i o n  ( D - 2 )  
a p p l i e s  t o  any neasur:exent i n t e r v a l  of  l e n g t h  AT. Thus ,  t h e  
o b s e r v a n c e  of c o u n t s  o v e r  rnany i n d e p e n d e n t  AT i n t e r v a l s  i s  a  sum 
o f  independen t  P o i s s o n  v a r i a b l e s .  T h i s  i n t e r p r e t a t i o n  was f i r s t  
p roposed  by R e i f f e n  and Sherman (ref .  1 7 )  on t h e  h e u r i s t i c  b a s i s ,  
b u t  can  c l e a r l y  b e  shown t o  have a  s o l i d  f o u n d a t i o n .  
111. SHOT NOISE PROCESSES 
W e  have  shown t h a t  a  l i n e a r  r e l a t i o n  e x i s t s  between t h e  a v e r a g e  
power 1 o f  t h e  r a d i a t i o n  ( o v e r  some f i n i t e  a p e r t u r e )  and t h e  r a t e  
o f  f l o w  of  photons  n .  Thus,  i f  n  i s  a  f u n c t i o n  of  t i m e ,  w e  c a n  
w r i t e :  
" I ( t)  = h v n ( t )  
where h  i s  P l a n c k ' s  c o n s t a n t  and v i s  t h e  pho ton  f r e q u e n c y .  Thus,  
t h s  d e t e c t o r  o f  o p t i c a l  r a d i a t i o n  can  be  r e p r e s e n t e d  e i t h e r  a s  a n  
i n s t a n t a n e o u s  power d e t e c t o r  o r  a s  a n  i n s t a n t a n e o u s  r a t e  d e t e c t o r .  
T h i s  r e l a t i o n s h i p  i s  g e n e r a l l y  e x p l a i n e d  by p o s t u l a t i n g  t h a t  each 
i n c i d e n t  p a r t i c l e  independent ly  r e l e a s e s  an  e l e c t r o n  wi th  p r o b a b i l i t y  
Q upon a r r i v a l  a t  t h e  photo-de tec tor  s u r f a c e ,  t h e  e l e c t r o n  i n  t u r n  
t r a v e l i n g  t o  a cathode s u r f a c e  y i e l d i n g  a  c u r r e n t  " impulse"  e f f e c t  
a t  t h e  d e t e c t o r  o u t p u t .  Thus, t h e  t o t a l  o u t p u t  c u r r e n t  i ( t )  is  
due t o  t h e  motion of a  c o l l e c t i o n - o f  e l e c t r o n s ,  p r o p o r t i o n a l  i n  
number t o  t h e  a r r i v i n g  p a r t i c l e s .  W e  c an ,  t h e r e f o r e ,  w r i t e  f o r  
t h e  o u t p u t  c u r r e n t  f low,  i ( t)  :
where h ( t )  i s  t h e  c u r r e n t  "impulse" e f f e c t ,  tm i s  t h e  t ime  o f  
r e l e a s e  of  t h e  mth photo-e lec t ron ,  and N t  i s  t h e  number of such  
.J 
e l . ec t rons  o c c u r r i n g  i n  t h e  t o t a l  t i m e  i n t e r v a l  ( - w , t ) .  The func-  
t i o n  h ( t ) .  has  a r e a  equa l  t o  t h e  cha rge  of an e l e c t r o n ,  w h i l e  Kt  
i s  the~~counting~~statistic, d i s c u s s e d  i n  S e c t i o n  11, of t h e  photo- 
e l e c t r o n  emiss ions .  Note t h a t  i f  w e  n e g l e c t  space-charge e f f e c t s  
i n  t h e  pho to -de t ec to r ,  t h e  t r a v e l  t i m e  of  each r e l e a s e d  photo- 
e l e c t r o n  i s  f i n i t e ,  which means t h a t  t h e  f u n c t i o n  h ( t )  must be  
t i m e  l i m i t e d  t o  some i n t e r v a l  T .  Tha t  i s ,  h ( t )  = 0 f o r  t < 0 and 
t > T, I n  t h i s  c a s e ,  N becomes t h e  count ing  s t a t i s t i c  o v e r  t h e  t 
f i n i t e  i n t e r v a l  ( t - t .  S ince  T i s  i n v e r s e l y  r e l a t e d  t o  t h e  
d e t e c t o r  bandwidth, T i s  r e l a t i v e l y  s h o r t  (10 -lo - loe7 sec) , and 
can be cons ide red  a " d e l t a  func t ion i i  w i t h  r e s p e c t  t o  most modula- 
t i o n  waveforms. I t  perhaps  should be  po in t ed  o u t  t h a t  i f  h ( t )  
i s  a s s u e d  t o  be  a  f l a t  r e c t a n g u l a r  f u n c t i o n  over  ( O , a ) ,  t h e n  
i ( t )  = N -N t t -r and t h e  d e t e c t o r  o u t p u t  i s  p r e c i s e l y  t h e  counting 
p r o c e s s  of t h e  r e c e i v e d  ~ p t i c a l  r a d i a t i o n .  I f ,  i n s t e a d ,  a  non- 
r e c t a n g u l a r  impulse waveshape i s  t o  be accounted f o r ,  t hen  one i s  
fo rced  i n t o  a  c l o s e r  examination of  t h e  p roces ses  d e s c r i b e d  by 
Eq .  ( 4 6 ) .  Th is  c l a s s  of p roces ses  can l o o s e l y  be d e f i n e d  as " s h o t  
no ise"  p roces ses  (a l though  t h e  exac t  d e f i n i t i o n  of t h e  l a t t e r  t e n d s  
t o  va ry  a t  d i f f e r e n t  s o i n t s  i n  t h e  l i t e r a t u r e ) .  
A s  d i scussed  i n  Sec t ion  11, t h e  parameter  Nt  i s  a  random 
v a r i a b l e  depending u2on t h e  i n t e n s i t y  of t h e  r e c e i v e d  f i e l d .  R e c a l l  
t h a t  i f  n ( t )  i s  a  c;.!terininistic f u n c t i o n ,  N t  i s  a  Poisson  random 
v a r i a b l e ,  w i th  mean va lue  g iven  by t h e  i n t e g r a l  of q n ( t )  over  
( t - ~ , t ) ,  and i s  a  c o n d i t i o n a l  Poisson random v a r i a b l e  i f  t h e  
i n t e n s i t y  n ( t )  i s  a  sample f u n c t i o n  of a  cont inuous s t o c h a s t i c  
p roces s .  That  i s ,  g iven  any i n t e n s i t y  f u n c t i o n  of t h e  ensemble, 
t h e  count ing  p roces s  N i s  Poisson.  With Poisson  count ing  pro- t 
c e s s e s  t h e  r e s u l t i n g  s h o t  n o i s e  p roces ses  a r e  r e f e r r e d  t o  a s  
Po isson  s h o t  n o i s e  (PSN). Some e x c e l l e n t  d i s c u s s i o n s  of PSN 
prdcesses  a r e  g iven  by Rice ( r e f .  1 1 1 ,  Middleton ( r e f .  a), and 
Papou l i s  ( r e f .  2 4 ) .  I n  e s sence ,  f i r s t -  and second-order s t a t i s t i c s ,  
such as p r o b a b i l i t y  d e n s i t i e s ,  moments, power s p e c t r a ,  and c o r r e l a -  
t i o n  f u n c t i o n s  have been w e l l  developed.  For t h e  c o n d i t i o n a l  PSN, 
t h e  foregoing  s t a t i s t i c a l  c h a r a c t e r i s t i c s  can be  fo rma l ly  a t t a i n e d  
by t a k i n g  subsequent  averages  over  t h e  PSN r e s u l t s .  For  example, 
c o n s i d e r  the  power spectrum o f  t h e  c o n d i t i o n a l  PSN p r o c e s s  i n  
Eq. ( 4 6 ) ,  where t h e  i n t e n s i t y  n ( t )  i s  a sample f u n c t i o n  of  an  
ensemble o f  p o s i t i v e ,  random, s t a t i o n a r y  p roces s  N d e f i n e d  over  
( -  W e  fo rma l ly  d e f i n e  t h e  t i m e  averaged power d e n s i t y  
spectrum ( r e f .  25)  of t h e  s h o t  n o i s e  p roces s  i ( t )  by: 
- 1 2 S.  (w) = lim -- E[II~(w) 1 ] 
-1 T+* 2T 
where E is the expectation operator and I ( w )  is the Fourier T 
Transform of i(t) over (-T,T). For the PSN processes, Eq. (47) 
can be readily determined as: 
- 1 2 s (w) = lim - [RT + 1 aT (a) I ] I H  (w) I 2 
-PSN T+=J' 211' 
where : 
and H (w) and QT (w) are the Fourier Transforms of h (t) and n (t) , 
-T < t < T, respectively. The subsequent statistical average over 
N, and time average over T via the limiting operation, yield the 
- .  . - .. - 
power density spectrum for conditional PSN processes: 
where SN(w) is now the time averaged power density spectrum of 
the stochastic intensity n(t). The foregoing results are somewhat 
significant, since it is valid for any counting statistic 
generated. from conditional poisson statistics and, therefore, 
includes those discussed in Section 111. Note that the spectrum 
always takes the form of the intensity spectrum immersed in a 
2 background of "'noise" 'of spectral shape E (N) IH(w) 1 . (For infinite 
bandwidth detectors, H ( w )  z 1 for a % P  W, and the above represents 
b a s i c a l - l y  " w h i t e "  n o i s e . )  T h i s  n o i s e  c o n s t i t u t e s  t h e  " s h o t  n o i s e "  
of  t h e  d e t e c t o r ,  and i s  due t o  t h e  d i s c r e t e n e s s  o f  t h e  p h o t o e l e c t r o n  
model.  The i n t e n s i t y  spec t rum 5; ( w ) ,  i n  g e n e r a l ,  c o n t a i n s  p o r t i o n s  N 
due t o  d e s i r e d  i n t e n s i t y  m o d u l a t i o n ,  p o r t i o n s  due  t o  background 
e f f e c t s ,  and a s s o c i . a t e d  c r o s s - s p e c t r a l  t e r m s .  These l a t t e r  two 
components c o n s t i t u t e  the " f l u c t u a t i o n "  n o i s e  o f  t h e  p h o t o - d e t e c t o r  
o u t p u t .  S i n c e  t h e  spec t rum i n  E q .  ( 5 0 )  h a s  t h e  form of  a " s i g n a l  
n o i s e " ,  t h e r e  i s  a  t endency  t o  view t h e  p h o t o - d e t e c t e d  o u t p u t  a s  
s i g n a l  p l u s  a d d i t . i u e  n o i s e .  The d i f f i c u l t y ,  o f  c o u r s e ,  i s  t h a t  
t h e  s i g n a l  and. n o i s e  a r e  n o t  i n d e p e n d e n t ,  and u s u a l  " s i g n a l  p l u s  
n o i s e "  i n t e r p r e t a t i o n s ,  f a m i l i a r  t o  communicat ion e n g i n e e r s ,  o f t e n  
l e a d  t o  f a l s e  c o n c l u s i o n s  ( e . g . ,  s e e  S e c t i o n  I V . )  
'It i s  o f t e n  i n s t r u c t i v e  t o  examine t h e  " i n s t a n t a n e o u s "  o r  
" s h o r t - t e r m  a v e r a g e d "  power spec t rum o f  t h e  d e t e c t o r  o u t p u t ,  which 
can  be  viewed b a s i c a l l y  a s  t h e  c o n d i t i - o n a l  spec t rum of  E q .  ( 4 8 )  
b e f o r e  t h e  t i m e  a v e r a g i n g  l i m i t  i s  t a k e n .  I f  w e  i n t e r p r e t  t h e  
2T i n t e r v a l  t o  b e  t h e  i n t e r v a l  ( t - . r , t ) ,  i n s t e a d  o f  ( - T , T ) ,  w e  see 
t h a t  t h e  b r a c k e t e d  t e r m  i n  (48)  w i l l  c o n t a i n  terms dependen t  on  t. 
F u r t h e r m o r e ,  i f  w e  i n c l u d e  t h e  f ac t  t h a t  t h e  e l e c t r o n  f u n c t i o n s  h ( t )  
have  t i m e  w i d t h s  T much s h o r t e r  t h a n  t h e  t i m e  v a r i a t i o n s  i n  n ( t ) ,  
t h e n  t h e  i n t e n s i t y  n ( t)  i s  a p p r o x i m a t e l y  c o n s t a n t  o v e r  (~TT ,  t )  . 
T 
Its "power spec t rum"  is t h e n  a  d e l t a  f u n c t i o n  and  t h e  b r a c k e t e d  terms 
2 s i n  w ~ / 2  2 i n  Eq.  (48)  t a k e  t h e  form [kT ( t)  + n  ( t )  (iTi- I l ~ ( b - 4  1 2 * -  
T h a t  i s ,  t h e  " i n s t a n t a n e o u s "  spec t rum (power s p e c t r u m  b e f o r e  t h e  
t i m e  a v e r a g e  is t a k e n )  h a s  t h e  appearance  o f  a background s h o t  
noise  whose l e v e l  v a r i e s  w i t h  t i m e ,  and whose " a v e r a g e "  v a l u e  
v a r i e s  a c c o r d i n g  t o  t h e  i n s t a n t a n e o u s  v a l u e  o f  n ( t ) .  I n  
t h l s  s e n s e ,  t h e  d e t e c t o r  acts a s  an i n s t a n t a n e o u s  "power" d e t e c t o r ,  
which i s  t h e  accep ted  c l a s s i c a l  d e f i n i t i o n  of  pho to -de t ec to r s .  The 
t r u e  f requency c o n t e n t  of  t h e  s h o t  n o i s e  i s  n o t  e x h i b i t e d ,  however, 
u n t i l  t h e  t ime averaging i s  invoked. 
The foregoing  d i s c u s s e d  r a i s e s  an i n t e r e s t i n g  query t h a t  
cannot  be  answered from a s p e c t r a l  d e n s i t y  p o i n t  of view. I f  t h e  
s h o t  n o i s e  p roces s  i s  t o  r e p r e s e n t  a t r u e  i n t e n s i t y  d e t e c t o r ,  even  
when n ( t )  i s  a  s t o c h a s t i c  p roces s ,  t hen  t h e  s t a t i s t i c a l  p r o p e r t i e s  
o f  t h e  s h o t  n o i s e  i n  E q .  ( 4 6 )  must be  r e l a t e d  t o  t h o s e  of t h e  
i n t e n s i t y  p roces s  n ( t ) .  When t h e  i n t e n s i t y  i s  a d e t e r m i n i s t i c  t i m e  
f u n c t i o n ,  t h e  r e l a t i o n s  between t h e  s h o t  n o i s e  and i t s  i n t e n s i t y  
a r e  w e l l  known. However, when t h e  i n t e n s i t y  i s  i t s e l f  s t o c h a s t i c ,  
t h e  manner i n  which t h e  s ta t i s t ics  of  t h e  i n t e n s i t y  and t h e  con- 
d i t i o n a l  PSN are r e l a t e d  i s  somewhat vague. For example, a l t hough  
t h e  f i r s t - o r d e r  p r o b a b i l i t y  d e n s i t y  o f  i ( t )  i s  d i f f i c u l t  t o  w r i t e  
- 
i n  c l o s e d  form, i t s  c h a r a c t e r i s t i c  f u n c t i o n  i s  immediately 
a v a i l a b l e  by making use  of t h e  known c h a r a c t e r i s t i c  f u n c t i o n  of 
PSN ( r e f s .  12 ,  23, 2 4 ) .  Thus: 
where EN i s  t h e  average over  t h e  p roces s  N .  One way t o  i n t e r p r e t  
Eq. (51) i s  t o  a s s m e  i n f i n i t e  bandwidth d e t e c t o r s ,  and f a c t s r '  
t h e  f i r s t  tern of t h e  exponen t i a l  s a t i o n .  Thus: 
where the G function represents the remaining factors. The average 
of the first term alontg is precisely the characteristic function of 
the intensity process N at any time t. Thus, the effect of the 
function G is to cause a departure of the first-order probability 
densi.ty of i(t) from that of n(t). The conditions under which the 
latter effect is negligible, and the shot noise process has 
approximately the first order density of N, has been studied by 
Karp and Gagliardi (ref. 26). In this latter instance, we can 
say that the shot noise represents (statistically) the intensity 
process. This representation can be related to the "denseness" 
of the photon arrivals; i.e., the average number of photons per 
second. In fact, when the latter parameter is large, it can be 
shown that the bracketed term in Eq. ( 5 2 )  is approximately the 
characteristic function of a Gaussian random variable, with mean 
n(t) and variance n(t). This infers that the conditional (on N) 
- .  
probability density of i(t) at any t approaches asymptotically a 
Gaussian density, which again may be loosely interpreted as an 
instantaneous "signal" n(t), immersed in additive, non-stationary, 
Gaussian noise of variance n (t) . 
The relation between shot noise and its intensity can be 
further investigated by consideration of the individual moments ' 
of the two processes. The moments of the process i(t) can be 
obtained from its semi-invariants, which are, for PSN processes: 
The moments can then be obtained by the sequence of relations 
2 3 E ( i )  = A ,  E ( i  ) = h2 + A:, E(i ) = hj + h h + A:, etc. For 1 2  
conditional PSN processes, the hn are themselves random processes, 
and the moments of i(t) depend upon the higher-order moments of 
the process n(t). However, if the intensities are continuous, or 
if the detector bandwidth is much larger than the bandwidth of 
the intensities, the rth moments are related by: 
where D (1) = 0 and D (r) , r > 2, is function depending upon the 
higher-order statistics of n(t) and upon the function h(t). The 
above relationship was investigated in reference (26). It was 
i 
shown, for example, that if the function h(t) was rectangular 
over ( 0 , ~ )  the rth moment of i (t) was approximately equal to the 
rth mament of the intensity process N if: 
average number of 
arrivals >> r (r-1) 
in T sec I 
Equation (55) essentially states that the denseness of the shot 
. . 
events (i.e., the average number of h(t) functions overlapping 
the time interval of one function) must be sufficiently large for 
moment representation. The right side of Eq. (55) serves as a 
rough rule of thumb for determining how large this denseness must 
be for approximate equality of the rth moment. It may be recalled 
(ref. 20) that for PSN processes (deterministic intensities) a 
condition of large nwber of shot occurrences i s  required before 
the PSN loses its discrete nature. Equation (55) can therefore 
be interpreted as the statistical equivalent of this statement; 
i.e., the condition under which the conditional PSN begins to take 
on the statistics of its intensity. 
By using E q .  ( 5 4 ) ,  it is also possible to relate the fluc- 
tuations in the detector output i (t) to those of the intensity n (t) . 
Specifically, if we define the signal to noise ratio (SWR) of a 
positive process as the ratio of its mean value squared to the 
variance, then Eq. (54) leads to the fact: 
SNR of i(t) 5 SNK of n(t) ( 5  6 )  
which implies that the percent fluctuations In the shot noise 
are always at least as great as those of the intensity itself. We 
make'this point n-iainly because the foregoing definition of SNR is 
commonly used in assessing signal quality in communication system 
analysis. 
It may be noted that the conditions for which the intensity 
is represented by a shot noise process are also useful in "building 
up" intensity models as shot noise. This type of shot noise modeling 
has been used for studying radiation scattering and perturbation 
effects, (refs. 27, 28) in which the impulse functions h(t) were 
reinterpreted as wave packets. 
With the statistics of the conditional shot noise process 
identified (at least in first- and second-order statistics), the 
problem of optimal processing procedures at the photo-detector 
output can now be properly formulated, and in some instances, 
solved. For example, the problem of optimal linear filtering of 
the process i(t), so as to minimize the mean squared error from 
the desired intensity, was considered in reference ( 2 6 ) .  For 
certain types of pulsed intensities, as in PCM communications 
optimal operations maximizing output signal to noise ratios have 
also been considered (ref. 2 9 ) .  The application of estimation 
theory (ref. 3 0 ) ,  tracking operations (ref. 31), and detection 
procedures (refs. 17, 18, 2 0 )  to the photo-detector shot noise 
output has been under study, and appears to be a problem area of 
considerable interest from both a practical and theoretical point 
of view. 
IV. DIGITAL COMMUNICATIONS AND OPTICAL SYSTEMS 
The availability of an easily generated, extremely narrow 
pulse in the optical region of the spectrum suggests a natural 
/ 
application to communication by digital methods. This notion, in 
turn, has fostered an increasing interest in the application of 
both classical detection theory and information to optical. systems.. 
Since the output of a photodetector is a sequence of electron counts, 
the detection problem is formally one of decisioning in the 
presence of generalized poisson statistics. While early approaches 
to the problem basically were confined to pure Poisson counting. 
(refs. 32, 33), more recent attention has included the generalized 
Laguerre counting processes in Section 111. 
The .formulation of the general M-ary detection problem 
involving counting statistics proceeds as follows. The transmitter 
sends a signal whose intensity is modulated with one sf a set of M 
possible intensities, each T sec, long, The received signal is 
corrupted by background radiation, which we assme here is white 
Gauss ian  n o i s e  of l e v e l  N w a t t s  p e r  h e r t z  p e r  u n i t  a r e a ,  and 
0 
o p t i c a l  bandwidth B.  The o u t p u t  o f  t h e  p h o t o d e t e c t o r  a t  t h e  
r e c e i v e r  i s  t h e n  a  t i m e  v a r y i n g  p r o c e s s  of  e l e c t r o n  c o u n t s ,  
obeying a  g e n e r a l i z e d  P o i s s o n  d i s t r i b u t i o n ,  a s  i n  S e c t i o n  111. 
The r e c e i v e r  o b s e r v e s  t h e  c o u n t i n g  p r o c e s s  b r  ( 0 , t )  and d e c i d e s  
which of  t h e  M p o s s i b l e  i n t e n s i t i e s  i s  b e i n g  r e c e i v e d .  S i n c e  K 
b i n a r y  d i g i t s  can  bc oniquel-y encoded i n t o  2K = M p o s s i b l e  
i n t e n s i t y  waveforms, a  c o r r e c t  d e c i s i o n  e f f e c t i v e l y  decodes  K 
d a t a  b i t s .  The f o r e g o i n g  model can  be  c a s t  i n t o  a d i s c r e t e  f o r m a t  
by s u b d i v i d i n g  t h e  i n t e r v a l  T i n t o  AT s e c  i n t e r v a l s  (AT 3 1/ 
i n f o r m a t i o n  bandwidth)  and a s s o c i a t i n g  a  s i g n a l  ene rgy  component 
I 
' j i  f o r  t h e  jth i n t e n s i t y  and ith i n t e r v a l .  (Tha t  i s ,  s j i  i s  
t h e  t o t a l  e n e r g y  a s s o c i a t e d  w i t h  t h e   BAT samples ,  o r  modes, o f  
t h e  Karhunen-Loeve expans ion  o f  t h e  j th  i n t e n s i t y  d u r i n g  t h e  i t h  
AT i n t e r v a l . )  Under a  f i x e d  e n e r g y  c o n s t r a i n t ,  we r e q u i r e  
C s = E f o r  a l l  q .  The d i s c r e t e  problem t h e n  i s  t o  d e t e c t  which 
i q i  
o f  t h e  p o s s i b l e  i n t e n s i t y  v e c t o r s  s = { s  
3 q i  
i s  c o n t r o l l i n g  t h e  
c o u n t i n g  p r o c e s s  by o b s e r v i n g  t h e  sequence  o f  i n d e p e n d e n t  c o u n t s  
k = {ki} , i = 1 , 2 ,  * * ,M(= T/AT) . Under a  maximum l i k e l i h o o d  
- 
d e t e c t i o n  c r i t e r i o n ,  and a  p r i o r i  e q u a l l y  l i k e l y  s i g n a l s ,  t h e  
o p t i m a l  t es t  i s  t o  form t h e  l i k e l i h o o d  f u n c t i o n a l s  A ( k )  and 
q - 
select s as b e i n g  t r a n s m i t t e d  i f  no  o t h e r  Ai  ( k )  exceeds  A ( k )  . 
-Q - 9 - 
I f  a l i k e l i h o o d  draw o c c u r s  (more t h a n  one A ( k )  i s  maximum) any 
q  - 
randomized c h o i c e  among t h e  maxima c a n  b e  used .  From E q .  ( 3 7 ) ,  
t h e  l i k e l i h o o d  t e s t  i s  t h e r e f o r e  e q u i v a l e n t  t o  comparing:  
f o r  a l l  q ,  where s i s  now a normalized s i g n a l  i n t e n s i t y  obeying 
q i 
t h e  c o n s t r a i n t  Cs = E E N. I n  t y p i c a l  o p e r a t i o n ,  2BAT > >  I 
q i 
( i . e . ,  t he  o p t i c a l  bandwidth i s  much g r e a t e r  than t h e  informat ion  
bandwidth) and Eq. (1) i s  approximately: 
Af te r  observing - k, examination of t h e  above s e t  of { A  f o r  
q 
maxima i s  equiva lent  t o  t h e  comparison of t h e  s e t  of f u n c t i o n s  
Iki log  (1 + $), where K = 2BNoAT r e p r e s e n t s  t h e  no i se  energy 
per counting i n t e r v a l  pe r  u n i t  a r e a .  (Reca l l  it was previous ly  
shown i n  Sect ion  II t h a t  under t h e  cond i t ion  2BAT >> 1 t h e  counts  
4 
k .  a r e  Poisson v a r i a t e s  s o  t h a t  complete s t a t i s t i c s  of  t h e  
1 
foregoing t e s t  can be determined.)  
- An i n d i c a t i o n  of t h e  performance of  a  d e t e c t i o n  t e s t  is  given  
by t h e  divergence,  o r  'expected d i s t a n c e  between hypothesis" .  
The divergence i s  formal ly  def ined  as: 
where A = A (k) - A (k) and Ek ( A  1 j ) is t h e  c o n d i t i o n a l  average jq q - - 
of A over  - k given t h e  i n t e n s i t y  s . .  Abend ( r e f .  18) had shown 
-3 
t h a t  f o r  Poisson counting,  using t h e  f u n c t i o n s  of (58) and M = 2 
(binary d e t e c t i o n ) ,  t h e  divergence normalized by t h e  va r i ance  of  
A ,  i s  maximized by a "pulsed" type of i n t e n s i t y ,  i n  which t h e  
available s i g n a l  energy i s  wholly concent ra ted  i n  a s i n g l e  counting 
i n t e rva l .  That is,  an i n t e n s i t y  s e t  def ined  by: 
where 6 i s  t h e  Kronecker  d e l t a  f u n c t i o n .  K a i l a t h  ( r e f .  1 9 )  
q i  
ex tended  t h i s  r e s u l t  by showing t h a t  under  a t o t a l  ene rgy  c o n s t r a i n t ,  
o t h e r  s u i t a b l e  f o r a s  of d i s t a n c e  a r e  maxinlized by s i m i l a r  p u l s e d  
i n t e n s i t i e s .  Gay l i a rc l i  and Karp ( r e f .  2 0 )  a p p l i e d  an  a v e r a g e  
d i v e r g e n c e  c r i t e r i o n  t o  t h e  g e n e r a l  M-ary p o i s s o n  d e t e c t i o n  pro-  
blem and a g a i n  shov:ed t h e  o p t i m a l i t y  o f  t h e  i n t e n s i t y  se t  o f  
Eq.  ( 6 0 ) .  I n  t h e  l a t t e r  r e f e r e n c e ,  t h e  i n t e n s i t y  se t  t h a t  maxi- 
mized t h e  p r o b a b i l i t y  o f  c o r r e c t l y  d e t e c t i n g  t h e  t r u e  i n t e n s i t y ,  
r a t h e r  t h a n  maximizing d i v e r g e n c e ,  w a s  a l s o  c o n s i d e r e d ,  and shown 
t o  c o r r e s p o n d  t o  t h e  p u l s e d  set  i n  two s p e c i a l  c a s e s ,  (1) M = 2 
w i t h . s y m m e t r i c  i n t e n s i t y  s e t s ,  and ( 2 )  any M and low i n t e n s i t y  t o  
n o i s e  energy  r a t i o .  However, t h e  d e t e r m i n a t i o n  o f  g l o b a l  o p t i m a l  
i n t e n s i t y  sets i n  t h e  p u r e  P o i s s o n  c a s e ,  b a s e d  upon d e t e c t i o n  
p r o b a b i l i t y  . s t i l l  remains  a  d i f f i c u l t  t a s k .  I t  h a s  been c o n j e c t u r e d  
by many t h a t  t h e  p u l s e d  set  o f  Eq. (60)  i s ,  i n  f a c t ,  a g l o b a l  
o p t i m a l  s e t ,  b u t  t o  t h e  a u t h o r s '  knowledge a  r i g o r o u s  p roof  h a s  
n o t  been shown. The o p t i m a l i t y  o f  t h e  p u l s e d  s e t ,  even under  
t h i s  s p e c i a l  c r i t i o n ,  i s  somewhat s i g n i f i c a n t ,  s i n c e  it i n d i c a t e s  
t h e  impor tance  of i n t e n s i t y  waveshape i n  d i g i t a l  sys tem d e s i g n .  
T h i s ,  o f  c o u r s e ,  is p a r t l y  due  t o  t h e  g e n e r a l  a d v a n t a g e  of 
o r t h o g o n a l  s i g n a l s  i n  d e t e c t a b i l i t y ,  a p r o p e r t y  a f f o r d e d  by t h e  
d i s j o i n t n e s s  of  t h e  p u l s e d  set i n  E q .  (60). The use of s i g n a l s  
p l a c e d  i n  a d j a c e n t  t i m e  s l o t s  i s  i n  e s s e n c e  a p u l s e  p o s i t i o n  
modula ted  sys tem i n  which e a c h  p o s i t i o n  c o r r e s p o n d s  t o  a d i g i t a l  
word. The d u a l  o f  s u c h  a  sys tem ( a  freqiaency keyed s y s t e m ) ,  which 
also retains the orthogonality property, can similarly be 
generated by redefining the expansion functions of the received 
field (ref. 34). 
It should be pointed out that if the condition 2BAT >>  1 is 
not valid, care must be used in accepting the pulsed set of Eq. 
(60) as an optimal intensity set. . In particular, the Poisson 
assumption and the use of Eq. (58) is violated. For the case of 
2BAT <<  1, the divergence in Eq. (59) must be obtained by 
averaging terms as in E q .  (57) over the Laguerre densities. If 
this averaging is carried out, Eq. (59) takes the form: 
where I (x) is the imaginary Bessel function of zero order and C 
0 
contains terms common to all q and j. Now it is no longer 
immediately evident that the pulsed set of Eq. (60) maximized D 
qj ' 
The last term, however, is minimized if either s = 0 or sji = 0 
qi 
for all i, which suggests a disjoint intensity set, but it is not 
evident that the first terms are maximized under the same condition. 
The difficulties of this problem are quite reminiscent of similar 
difficulties in attempting to find optimzl signal sets in non- 
coherent additive Gaussian noise channels. 
W e n  the pulsed set of E q .  ( 6 8 )  is used, and %he general 
Laguer re  counting is assumed, the analysis procedures are similar 
to the Poisson ease. 1% is easy to show the monotonicity of 
Laguerre  f u n c t i o n s  w i t h  r e s p e c t  t o  t h e i r  i n d i c e s .  I t  t hen  
(X 
fo l lows  from E q .  ( 5 7 )  t h a t  A < R i  i f  Lk which,  9  
i n  t u r n ,  i s  t r u e  i f  k : ki. Hence, t h e  maximum l i k e l i h o o d  t e s t  q  
need on ly  count  ove r  each i n t e r v a l ,  s e l e c t i n g  t h e  s i g n a l  c o r r e s -  
ponding t o  t h e  i n t e r v a l  w i th  t h e  l a r g e s t  count .  
E r r o r  P r o b a b i l i t i e s  w i th  pu l sed  I n t e n s i t y  S e t s  and Poisson  Counting 
The performance of  t h e  pu l sed  i n t e n s i t y  set  i n  M-ary d e t e c t i o n  
can be  eva lua t ed  by cons ide r ing  t h e  e r r o r  probability when Po i s son  
count ing  s t a t i s t i c s  a r e  assumed. This  can be  ob ta ined  by n o t i n g  
t h a t  f o r  t h e  pu l sed  i n t e n s i t y  s e t  of Eq. (60) t h e  l o g  of  t h e  l i k e l i -  
hood f u n c t i o n s  f o r  each ki c o n s t i t u t e s  a  set  of independent  Po isson  
random v a r i a b l e s .  The v a r i a b l e  f o r  k has  i n t e n s i t y  (N + 2BaNoAT) 
q 
i f  t h e  qth i n t e n s i t y  w a s  s e n t ,  and has  i n t e n s i t y  K = 2BaNoAT 
o the rwi se .  R e c a l l  t h a t  i f  t h e  qth i n t e n s i t y  i s  s e n t  a  c o r r e c t  
d e c i s i o n  w i l l  be  made w i t h  p r o b a b i l i t y  l / ( r  + 1) of t h e  l o g  l i k e l i h o o d  
e q u a l s  r o t h e r s  and exceeds t h e  remaining M - ( r  + 1). There fo re ,  
upon cons ide r ing  a l l  p o s s i b i l i t i e s ,  t h e  e r r o r  p r o b a b i l i t y  can b e  
d e r i v e d  a s  ( r e f .  20) : 
where: 
The f u n c t i o n  PE (N,i:,Iv3) h&s been p l o t t e d  by P r a t t  ( r e f .  32) f o r  
M = 2, and r e c e n t l y  a d i g i t a l  computat ion has  been gene ra t ed  ( r e f .  
2 3 )  f o r  a  complete p l o t  of  t h e  f u n c t i o n .  An exemplary p l o t  is 
shown i n  F igu re  2 i n  which P (N,3,M) i s  p l o t t e d ~ f o r  v a r i o u s  M as  E 
a  f u n c t i o n  of  N. I t  i s  impor t an t  t o  n o t e  t h a t  PE depends on b o t h  
t h e  normalized s i g n a l  energy N and t h e  normal ized n o i s e  energy  K 
i n  t h e  count ing  i n t e r v a l ,  and n o t  simply on t h e i r  r a t i o .  T h i s  
f a c t  i s  emphasized i n  F igu re  3, i n  which PE(N,K,2) i s  p l o t t e d  a s  
a  f u n c t i o n  of  K f o r  2 f i x e d  r a t i o s  N/K. This  dependence on bo th  
s i g n a l  and n o i s e  e n e r g i e s  d i s t i r l g u i s h e s  t h e  Poisson  d e t e c t i o n  
problem from t h e  analogous cohe ren t  Gaussian channe l  problem. 
Note t h a t  t h e  i n t e r f e r i n g  n o i s e  energy K depends on ly  upon t h e  
background energy i n  t h e  i n t e r v a l  AT, which i s  t h e  width  o f  t h e  
t r a n s m i t t e d  i n t e n s i t y  p u l s e .  The prime advantage of Po i s son  
systems i s  p r e c i s e l y  t h e i r  a b i l i t y  t o  remove $he e f f e c t  of back- 
ground n o i s e  by making AT s m a l l ,  and has  been emphasized i n  
p rev ious  r e p o r t i n g s  ( r e f s .  36, 37). 
The a c t u a l  dependence of PE on t h e  parameter  AT has  been 
consider-ed ( r e f .  38), and t h e  improvement i n  e r r o r  p r o b a b i l i t y  
wi th  dec reas ing  AT has  been demonstra ted.  The improvement, of  
course ,  i s  made a t  t h e  expense of i n fo rma t ion  bandwidth and peak 
power, bo th  i n v e r s e l y  p r o p o r t i o n a l  t o  AT. S u r p r i s i n g l y ,  t h e  
improvement is quite small at low values of N, and the increase in 
bandwidth may not be worth the decrease obtained i n  error proba- 
bility. The effect on error probability of additive extraneous 
thermal noise in the decisioning system and statistical charac- 
teristics of photomultipliers has also been considered (ref. 38). 
For Laguerre counts, Eq. (62) must be rederived using the 
Laguerre densities discussed in Section 111. Recently, general 
bounds or the error probability in this latter case, using the 
orthogonal (disjoint) signal intensity sets, have been reported 
(ref. 34). 
Information Rate of a Poisson PPM System 
.We have so far analyzed only one aspect of system performance, 
i.e., error probabilities. The actual information rate that the 
link achieves is another important design consideration. As 
stated, the transmitter sends optical energy in one oE M time 
intervals, which is AT seconds wide, thereby transmitting one 
of M possible signals in MAT seconds, or at a rate log2 M/MAT bit/s. 
The receiver correctly determines the true signal with probability 
1-PE and is in error with probability PE. Because of symmetry, 
the erroneous signal may be equally likely interpreted as any of 
the M-1 incorrect signals. Thus, the overall channel may be 
depicted as an M-ary symmetric channel, in which each of the M 
possible transmitter signals is converted to itself with probability 
l -PE and converted to each other signal with probability P /(M-1). E 
The infomation rate for such a channel is known to be: 
For convenience we shall denote this as: 
to emphasize the dependence of the numerator on the stated para- 
meters. By using Eq. (63) and the families of error probability 
curves as in Figure 2, the rate H can be evaluated by straight- 
forward substituticn. Although specific curves for such a computa- 
tion are not shown here, if suffices to note that if N and K are 
such that PE < lo-', then E q .  (63) is, to a good approximation: 
= (logZM)/MAT - PEI(log2M)/MAT1. (65) 
2 
If we interpret the rate H as the source rate minus the equivocation 
of the channel, then the PPM optical system behaves approximately 
as if a source rate of log M/MAT is passed into a channel of 
equivocation PE log M/MAT. As noted in Eq. (62), even if K + 0 
(no background.interference), PE + exp ( - N ) / 2 ,  so that the 
equivocation is not due entirely to. the background noise. 
The use of Eq. (63) and the previous equations are helpful 
in determining the rate, given operating parameters. However, the 
converse design problem, which is to determine particular para- 
meter values that achieve a desired rate, is not so straightforward. 
This is due to the fact that the rate is a somewhat complicated 
func.tion of the parameters. We shall consider here two aspects of 
this design problem that have practical application under certain 
operating conditions. First, the word period T = MAT is held 
fixed while the information bandwidth l / A T  is allowed to vary, and 
second, the bandwidth is held fixed while the word period is 
allowed to vary. In both eases, we are interested in the relation- 
ship between the rate H and the transmitter parameters N and MI 
assuming that the noise power is held fixed. 
Fixed Work Period 
We assume here that AT is allowed to vary with M so as to 
maintain T = M A T  constant. Thus, the system "saueezes" more 
signals into the T-second period as M increases. The resulting 
rake is then: 
H = C(N,K~/M,M)T (66) 
/ 
where KT is the noise energy in T. Thus, the rate depends only 
upon the numerator of Eq. (63). With N fixed, increasing M 
increases the source rate, but the error probability also increases 
and eventually reaches an asymptotic value of: 
for large M. The resulting system rate increases, to within a 
constant of the entropy of the alphabet, log2 M/T. Therefore, it 
is clear that if the bandwidth is expendable, one will always 
increase the system rate for large M by increasing M. In a 
practical system, this implies that one should operate with as . 
wide a bandwidth as possible to fully e x p l o i t  the capability sf 
the PPM system. We are, therefore, led naturally to consider the 
des ign  of a  system f o r  an a r b i t r a r y  r a t e  H ,  when t h e  f u l l  bandwidth 
( l / A T )  of t h e  system i s  l i m i t e d .  
Fixed Bandwidth 
I n  t h i s  c a s e ,  AT i s  he ld  c o n s t a n t  ( t he reby  f i x i n g  t h e  n o i s e  
energy K i n  AT) s o  t h a t  bo th  t h e  numerator and denominator i n  
Eq.  ( 6 3 )  depend upon M, and t h e  r a t e  degrades  q u i c k l y  a s  M i n c r e a s e s  
due t o  t h e  l o g  M/hI dependence. A g iven  r a t e ,  e . g . ,  H o t  may be 
o b t a i n e d  by many d i f f e r e n t  combinat ions  of N an$ M .  A n a l y t i c a l l y ,  
t h e s e  e q u i v a l e n t  o p e r a t i n g  p o i n t s  may be o b t a i n e d  g r a p h i c a l l y  
by no t ing  t h a t  t h e y  a r e  t h e  v a l u e s  f o r  which t h e  numerator C ( N , T , M ) ,  
cons ide red  a s  a f u n c t i o n  of M ,  i n t e r s e c t s  t h e  s t r a i g h t  l i n e  
HOATM. By p l o t t i n g  t h e s e  f u n c t i o n s  f o r  v a r i o u s  N ,  t h e i r  i n t e r -  
s e c t i o n  w i l l  i d e n t i f y  ( N , M )  p a i r s  which ach ieve  t h e  r a t e  H o .  One 
may t h e n  d e c i d e  on a p a r t i c u l a r  o p e r a t i n g  p o i n t  by invoking s u i t a b l e  
des ign  c r i t e r i a .  For  example, one may s e l e c t  t h e  s m a l l e s t  M from 
among t h e  c a n d i d a t e  p a i r s ,  which then  minimizes t h e  word p e r i o d  
T = MAT.  A l t e r n a t i v e l y ,  one may choose t o  minimize t h e  average  
t r a n s m i t t e r  power p e r  i n fo rma t ion  b i t ,  which i s  p r o p o r t i o n a l  t o  
N/C. I n  t h e  l a t t e r  c a s e ,  t h e r e f o r e ,  one would s e l e c t  t h e  o p e r a t i n g  
p a i r  ( N , M )  f o r  which N/C i s  minimal. The l a t t e r  parameter  i s  recog- 
n ized  a s  t h e  8 -e f f i c i ency  parameter  (energy p e r  d a t a  b i t )  o f  a communi- 
c a t i o n  system ( r e f .  3 9 ) .  I f  t h e  va lue  of N/C, cor responding  t o  t h e  
op t ima l  (N,M) p a i r  i s  t a b u l a t e d ,  t h e  r e s u l t s  can be compared t o  
p r e v i o u s l y  d e r i v e d  performance based upon t h e  same parameter .  , T h i s  
type  of comparison was cons ide red  ( re f .  4 0 )  and it was shown t h a t  
t h e  PPM system outperformed an  o p t i c a l  heterodyne system Ear 
scfficiently large M, approaching in fact the minimum f3 generated 
by the Gordon bound for quantum systems. This type of result 
further emphasizes the importance of expending system bandwidth 
(increasing M also implies increasing information bandwidth) to 
improve overall perform~nce. The effect of Laguerre statistics 
(when the inforrriation bandwidth approaches the optical bandwidth) 
and the effect of additive noise can be accounted for by modifying 
these Poisson results (ref. 40). 
The extension of the discrete model for optical detection, 
assumed almost egtirely in the aforementioned references, to 
the continuous model has received little attention. In usual 
procedures, the continuous case is generated from the discrete 
by taking limits of infinitely small intervals. Although this 
procedure can be properly structured generate the continuous 
version of the counting process,'the continuous process repre- 
- .  
sending the photodetector output must be viewed entirely as a 
shot noise process (see Section 111). Unfortunately, such processes 
have first order densities that are expressible only through 
transforms of their characteristic function. Hence, the building 
up of a general detection model based upon shot noise, rather than 
discrete, processes would be severely hampered by the inability to 
express observable statistics. It would appear, however, that 
shot noise detectability cannot continue to be avoided when-con- 
sideration is given to operation with information bandwidths on 
the order of optical detector bandwidths. This aspect of detection 
deserves more attention in future research studies, 
V. ANALOG COMMUNICATIONS 
The major p o r t i o n  of work i n  t h e  a r e a  of analog communications 
f o r  o p t i c a l  sys tems,  h a s  c e n t e r e d  on f i r s t -  and second-moment 
t h e o r y ,  s p e c t r a l  a n a l y s i s ,  and s i g n a l - t o - n o i s e  r a t i o s .  We have 
a l r e a d y  d i s c u s s e d  s p e c t r a l  a n a l y s i s  f o r  s h o t  n o i s e  p r o c e s s e s  w i th  
emphasis on s i g n a l  r e p r e s e n t a t i o n .  For t h e  remainder of t h e  paper  
we w i l l  c o n c e n t r a t e  on t r y i n g  t o  b r ing  t o g e t h e r  some of t h e s e  
i d e a s  i n  a u n i f i e d  way, l ean ing  h e a v i l y  on p h y s i c a l  mo t iva t ion .  
Before  t u r n i n g  t o  t h e  a n a l y s e s  r e q u i r e d ,  it i s  ve ry  i n s t r u c -  
t i v e  t o  r e c o n s i d e r  t h e  behavior  of  a pho tode tec to r  from a 
phenomenological p o i n t  of view. A s  we have a l r e a d y  seen an  
impor tan t  parameter  i n  a pho tode tec to r  i s  t h e  t ime AT over  which 
, 
t h e  i n t e n s i t y  f l u c t u a t i o n s  remain r e l a t i v e l y  c o n s t a n t .  T h i s  is 
1 
r e l a t e d  t o  t h e  bandwidth, B,  of t h e  o p t i c a l  s i g n a l  by AT 5 - 2B'  
When a-n e l e c t r o n . . i s  r e l e a s e d  f-rom t h e  d e t e c t i n g  s u r f a c e  and f lows  
through t h e  ensu ing  c i r c u i t r y ,  t h e r e  is always t h e  f i x e d  e l e c t r o n  
charge  e.  T h i s  f i x e s  t h e  a r e a  of t h e  r e s u l t i n g  c u r r e n t  p u l s e .  
Hence, h i g h e r  energy e l e c t r o n s  w i l l  f low f a s t e r ,  t h e  c u r r e n t  
p u l s e s  w i l l  be  narrower i n  t ime r e s u l t i n g  i n  a n  inc reased  f requency  
response  o f  t h e  d e t e c t o r .  
Gene ra l ly ,  one t h i n k s  of count ing  c i r c u i t r y  a s  l i t e r a l l y  
count ing  each  of  t h e s e  even t s .  On t h e  o t h e r  hand, one can a l s o  
cons ide r  t h e  fo l lowing  viewpoint :  suppose we "match" t h e  d e t e c t o r  
1 1 
response ,  Bd, t o  t h e  i n c i d e n t  r a d i a t i o n  bandwidth, AT = --- = - 2B 2Bd' 
Then, each c u r r e n t  p u l s e  c r e a t e d  w i l l  be approximately  AT seconds 
wide. Hence, a t  any t i m e  t, the ef fec ts  of a l l  p u l s e s  from t h e  
prev ious  AT seconds w i l l  s t i l l  be p r e s e n t .  The re fo re ,  i f  ki 
e l e c t r o n s  f low i n  t h e  i n t e r v a l  (ti - A T , t . )  than  a t  t h e  t ime ti 
, 2. 
e  
t h e  v a l u e  of t h e  c u r r e n t  can be approximated by ki m, o r  s i n c e  
k i  .,, - 
- = I t i  , i t i  = a e I  ( t i ) ,  which was shown e a r l i e r .  I f  t h e  AT 
r e sponse  of  t h e  d e t e c t o r  were square  p u l s e s ,  t h i s  d e s c r i p t i o n  
would be  e x a c t .  O n  t h e  o t h e r  hand, t h e  d i s t o r t i o n s  o c c u r r i n g  due 
t o  end e f f e c t s  a r e  t h e  normal e f f e c t s  of f i l t e r i n g .  The s o - c a l l e d  
s h o t  n o i s e  r e p r e s e n t s  t h e  f a c t  t h a t  Ki  i s  an i n t e g e r ,  making 
I ( t . )  t a k e  on d i s c r e t e  v a l u e s ,  whereas t h e  t r u e  I ( t)  would be 
1 
con t inuous .  
The p rev ious  argument was in tended  t o  j u s t i f y  c o n s i d e r a t i o n  
o f  t h e  (213t + 1) Nyquist  samples f o r  analog p roces ses  a l s o .  I t  
was shown i n  Eq. (55)  t h a t  t h e s e  samples can a l s o  be cons idered  
s t a t i s t i c a l l y  independent .  
(A)  Maximizing Signal- to-Noise  Rat io  f o r  D i r e c t  De tec t ion . -  
For  maximum l i k e l i h o o d  d e t e c t i o n ,  t h e  optimum form of p roces s ing  
c o n s i s t e d  of weigh t ing  t h e  coun t s  on each of t h e  (2Bt + 1) 
i n t e r v a l s .  We w i l l ,  t h e r e f o r e ,  cons ide r  t h e  form of p roces s ing  
where each  k  i s  weighted by t h e  number f3 . The processed s i g n a l  j j 
t h e n  becomes v ,  where: 
A s  a c r i t e r i o n  f o r  s i g n a l  p roces s ing ,  we w i l l  u se  t h e  s i g n a l - t o -  
n o i s e  r a t i o  de f ined  as:  
2 
I V I  I N  
0 
i7 - va r  [vl -- 0 
Thus, t h e  mean of v i n  t h e  a b s e n c e  o f  n o i s e  c a n  b e  o b t a i n e d  f rom 
E q .  ( 3 7 )  and i s :  
w i t h  t h e  v a r i a n c e  b e i n g :  
v a r  [VI = a 6: ] ( ~ s ~ ( ~ A T )  1 '  + 
3 =  
~ h u s ,  t h e  s i g n a l - t o - n o i s e  r a t i o  becomes: 
J 
which can  b e  bounded by u s i n g  t h e  Schwarz i n e q u a l i t y .  Hence: 
w i t h  t h e  e q u a l i t y  h o l d i n g  when: 
N o t i c e  t h a t  i n  t h e  a b s e n c e  of n o i s e  No = 0 :  
T h i s  however,  i s  t h e  a v e r a g e  number o f  p h o t o e l e c t r o n  c o u n t s  i n  
t h e  ( O f t )  i n t e r v a l  and i s  g e n e r a l l y  r e f e r r e d  t o  a s  t h e  quantum- 
l i m i t e d  s i g n a l - t o - n o i s e  r a t i o .  
L e t  u s  now r e w r i t e  t.he r i g h t - h a n d  s i d e  o f  yq .  ( 7 2 )  a s :  
R e c a l l  now t h a t  aNo i s  t h e  number o f  n o i s e  c o u n t s  p e r  AT i n t e r v s l  
and f o r  t h e r m a l  n o i s e  s o u r c e s  i s  much less t h a n  one .  I n  a d d i t i o n ,  
a 1 s j  (j AT) 1 AT i s  t h e  a v e r a g e  number o f  s i g n a l  c o u n t s  i n  t h e  j t h  
AT i n t e r v a l .  Suppose ,  t h e r e f o r e ,  t h a t  w e  c o n s t r u c t  a s i g n a l :  
2 s I s ~ ( A T ) I  = =  f o r  one  v a l u e  o f  j 
= 0 f o r  a l l  o t h e r  v a l u e s  of  j .  
Then c l e a r l y :  
i s  n o t  v i o l a t e d ,  and i n  a d d i t i o n :  
f o r  all.  valxer, o:F an > nNo. Thus, lovr du ty-cyc le  o p e r a t i o n  i s  
S 
preferah1.e when rnax.i.ini zing t h e  s igna l - - to - -no ise  r a t i o  of d e t e c t e d  
r a d i a t i o n  i l l  t h e  absence of d e t e c t o r  n o i s e .  
The add. i t ion of indcpeildent thermal  no i se  w i th  t empera tu re  T 
a t  t h e  dctectos-  ou tpu t  clianc~en t h e  v a r i a n c e  i.11 E q .  ( 7 0 ) .  A f t e r  
some manipulz t ion  t o  t a k e  i n t o  account  t h e  e l e c t r o n  charge  e ,  t h e  
bandwidth and t h e  load  R ,  t h e  s i g n a l  t o  no i se  r a t i o  i n  E q .  ( 7 6 )  
can be  w r i t t e n  as: 
The q u a n t i t y  kT/e 2 
aEs RBd i s ,  i n  g e n e r a l ,  much g r e a t e r  t h a n  one.  
T'hcrefore,  e x c e p t  under extreme c o n d i t i o n s  of t empera ture ,  
inpcdance bandwidth, and s i g n a l  l e v e l ,  a  normal d e t e c t o r  w i l l  be 
" the r r i a l  n o i s e  l i m i t e d "  i n  o p e r a t i o n  and S/N w i l l  be much l e s s  . 
t han  aEs .  
W e  have been cons ide r ing  t h e  c a s e  where each sampling i n t e r v a l  
r e p r e s e n t e d  one mode. I f ,  i n  f a c t , - e a c h  i n t e r v a l  con ta ined  L 
modes, t hen  c l e a r l y  we need only r e p l a c e  aNo by L uNo everywhere.  
(B)  Direct De tec t ion  w i t h  P h o t o m u l t i p l i c a t i o n . -  . . ---- . , -  We have j u s t  
shown t h a t  most d e t e c t o r s  a r e  i n h e r e n t l y  thermal  n o i s e  l i m i t e d  
except  under extreme temperature  c o n d i t i o n s .  Th i s  was t r u e  because  
t l l p  c~ll:-ejyt t1.1!-?. k \:<? :; r p l  c;:.::.:c:ii 1 1 1 7  -t.i!!=, ~ ~ ~ ~ , ~ : ~ . < : 2 ~  j.).;l; .::<.:i. :-)t .p- .I 1 T r  ( ~ ) : ~ < I I ~ ~ - ~ ~ [ . ~ - ~ : , - : . ~ \  
n thc:r:~ii;t~l. env . i ro~~~nc.~i i . ,  Tlic!j.<: i:~:c: C~C:\~:~-C:C::.;~ J - ) ~ C : : , C , I - ~ L  1.y l : i ~ ; ! < . t . c % d  t-r) -i-!t:> 
vi.sj.13le j:eg:i.ol~ c)Z t l i c :  S ~ ~ C ! T . ~ : ~ : I ~ " I ;  ~71-i:i.cli i.n:~.):)~:-: C L  ~ ~ : ~ ~ . : ~ ~ ~ , ; ~ ? : i : C : i c : ~ ~ . - L i c ~ ~ i  t c )  
tl2(-> p)lo-ioc[~.ri-e]lt )3(:?oj:c tllc t!lcl:l;.i;:l env:i-r~l-11,lcl~i-t i.s 1;1.2t . TLIC~ Yiicjs-k 
cOjr!!ila!l (].cv~'~cc, a phc)-i-o;-nl.1l.k.i~p3..i.c~ -t-lll,;l, C!ol~ls:i.:;i.~ C J ~  2 ~!;i..;~:ii(Ii.i G$: 
s t a q e s  .tl-~l-o:-~yIl 1ch.i.c:!1 cac:11 e:?~i.t-tcd e.l_cctro~~ p_?as.r;c:; ;11!(1. i s  ar!q;)!.3 f i c i i i  
many t11ous;~niis of t i i i ~ c s .  Villci~ i:l?r' e f f e c t  c):l ail ~ I . C C ~ X C ) I >  ~j:?j.t. 'i.~.<i 
a t  tl.1~ cat3iod.e reac:l>e:; t h e  znode, i t  appe:L;rs as  ax (3c-ku~711 ~111-3:cli.k 
pulse  v:.i..ll al~ovil t h e  ai10cl.e ti1c~:inal. envirolli:ient, It. i s ,  t l~e~:c:rore ,  
poss.i.11l.e t o  vri c i 1 7  khc ef  f ec:t.; of ii-icii.vi.cl~:~i:.l electron::. Tliese 
devices  axe ~ 0 1 1 ~ i l ~ ~ l l l . ~  reTer!red t o  a:; " photo11 colzii-l:c!:s " . 
To f i .~ : s t  o : cd~r  , one ca11 ~iccol-l.i~ t f on t h i s  airtp3.j.fica-k.i.w A ,  by 
assvnin:;. an e 1 . e ~ - t r o n  charg- eclual  to Re. Tllcn k7c. can sect fror:'i 
( E q  . ( 7 7  ) t h a t  Lhc term whicl-I previc,us.l.y inade th:? device tllctrmal 
noi-sc :I..i~ni teci hecoli~es :
~ l l u s ,  i f  t he  ga in  of t h e  device i s  such t h a t  t h e  i n e q u a l i t y :  
i s  s a t i s f i e d ,  i t  i s  a g a i n  shot-noise l i m i t e d .  I n  p r a c t i c e ,  t h e  
ga in  i s  a random v a r i a b l e  and a n  "excess noise"  appears because of 
t h e  f i n i t e  var iance  of A .  This ,  hot,sever, only causes changes on 
tlie orcler of 2 0 5  o r  about. 1 ddh, a]-!cl f o r  t h e  purposes  of t11i.s 
discu.ssion can be ignored.  
( C )  I-lete3:od>.ne Detect-.ion:- If tile e.lcctrric f i e l d  of 5. 
-- - - - . . - . -  - . -. - - - . - - - 
l o c a l  oscillator i s  a l - igned  coi.ncictent. w i t h  t h e  received s i ~ n a l  
over  the cletector surface, t-hen one can ci.j.rect1.y acici -khc t w c )  
~ ( L I  te l e c t r i c  f i e l d s ,  Thus, i f  we d e s i g n a t e  the s i g n a l  by E e 1 1 
-) 4 (t) and the loca l .  o s c i l l a t o r  by E ~ j " 2 ~  t h e n :  LO 
j w l ( j A T )  -I- 4 ( j A T )  i w ,  ( ~ C T )  
s .  ( j A T )  = E l e  + ELOe 3 
and  : 
I f  t h e  l o c a l  o s c i l l a t o r  i s  made l a r g e ,  t h e n  i t  can  be shown t h a t ,  
under  t h e s e  c o n d i t i o n s ,  t h e  d e n s i t y  i n  Eq. (41)  approaches  a 
Gauss ian  d e n s i t y  w i t h  a  mean v a l u e  of 2a  I E  I I E~~ 1 cos [  ((u1-w2) j AT 1 
+ $  A AT) } ( e x c l u d i n g  t h e  d c  component) and v a r i a n c e  cx I E ~ ~  I 
mult:ipl. ied by t h e  bandwidth c o n s i d e r e d .  Then, i f  t h e  bandwidth  
of t h e  s i g n a l  j.n Eq. (78)  i s  2W, and t h e  bandpass  of t h e  d e t e c t o r  
i s  g r e a t e r  t h a n  ( w  -w ) + W ,  one c a n  p a s s  t he  d e t e c t e d  s i g n a l  1 2  
through a  bandpass  f i l t e r  c e n t e r e d  a t  (ul-u2) w i t h  bandpass  2W 
and r e c r e a t e  t h e  s i g n a l  2aE1EL0 cos {(ul-w2)jAT +  AT)}. The 
r e s u l t i n g  c a r r i e r  s i g n a l  t o  n o i s e  r a t i o  w i l l  be :  
which can  a g a i n  b e  r e c o g n i z e d  a s  t h e  yuantwn limited c o n d i t i o n .  
an:! 11 ( t )  h a s  13cien no~rmi-:.l.:izcci to: 
r r. l(t)  d-t = 0 ,  & .-.T 
i C ((11) the t:i..irie--.ave3:agc- pol.:er d e n s i t y  spect::~ru!n o : E  m("i) . i I 
no ti..^.:! tl-le rnodu1.a-tion j.ndex i s  i.ncl.uciec', i r ;  m ( t ) .  E'oi- an 
unl-c~odu!.;-:i:ed s o u r c e ,  sv.c!-, a s  noj-se m (t)  r 0,  ancl o n l y  the s h o t  
noise term anci the clc re ica in .  Thus, i f  tre have  a sicjr~al- p l u s  
a d d i t i v e  n o i s e  irnpinq-:inq on t.'!lc? dc tec .Lor ,  v.~llei-e the a i7e rage  n0.i sc 
r a t e  i s  des igna tec?  t h e  poicer d e r i s i t y  sp~ct r :u i ! i ,  rninus "ihe d c  
n '  
t e r m s ,  can be ~ : r i t t e i l  a s :  
2 2 - 21rr.r S T l ( o )  - e I H ( w ) I  n 4 -  -i ( ~ 1 1 1 ) ~  6 PI (it!)] -I- R 
where w e  have a l s o  included t h e  t h e r m a l  n o i s e  c o n t r i b u t i o n .  Tf 
w c  define tlie s i g n a l - - t o - . n o i s e  r a t i o  a s  t h e  r a t i o  of t h e  t o t a l  
s i g n a l  power : 
o v e r  t h e  bandwidth of  t h e  si.cjnal, d i v i d e d  by t h e  t o t a l  n o n - s i g n a l  
power o v e r  t h e  same bandwidth:  
t h e n ,  assuming t h a t  I H (m) 1 i s  ' f l a t "  o v e r  t h e  2 ~ '  r e g i o n  o f  
i n t e r e s t :  
where W i s  now t h e  c y c l i c  f r equency .  N o t i c e  a g a i n  t h a t  i f  e i s  
2 2- 
r e p l a c e d  by A e  and t h e  s h o t  n o i s e  t e r m  2r)A e 11W = 2nAeI W > 4kTW, DC 
t h e  d e v i c e  w i l l  be a g a i n  s h o t - n o i s e  l i m i t e d .  The t e r m :  
can  a g a i n  b e  r e c o g n i z e d  as be ing  r e l a t e d  t o  t h e  quantum l i m i t e d  
c o n d i t i o n .  
FJe hav: tried t o  present .  i n  t h i s  paper  a rev iew o f  t h e  basic:  
coi-1cep.t~ ir, op-i-.ri-cal communicat-.ions vie.ctved s t r i c t 1 . y  from a 
c l a s s i . c a 1  p o i n t  of  vieva, i n  t h e  absence  of  any c h a n n e l  e f f e c t s .  
111 t h i s  v e i n ,  we have viepred t!lc rec:eived s i g n a l  as  a n  electro- 
maglie ti.c f i e l c l .  and d e s c r i b e d  i t s  i .n . te rac- t ion  w i t h  a  p h o t o d e t e c - t o r .  
W e  t h e n  desc.rri.b,?d some of t h e  f ~ l ~ d ~ i l ~ ~ ~ i l - t a l  p r o p e r t i e s  of  t h e  
r e s ~ ~ l t i n g  c l ~ r r e l l t  f low a s  s e e n  by t h e  conrnu.n~~cations e n g i n e e r .  
The t r e a t m e n t  i n  t h i s  paper  i s  n o t  comple te ,  s i n c e  t-he 
s t u d y  o f  t A i s  problem has  n o t  f i n i s h e d .  Consequcn. t ly,  some 
p01:tions have  been cj i v e n  more emphasis  t h a n  o t h e r s ,  t*ihi l e  sollne 
have  been omi-t ted cntilre1.y. For eexamy~l.e, ill t h e  l j . t e r a t i . ~ r e  t h e  
t o 2 i c  of  c o n t i n u o u s  e s t i m a t i o n  f o r  s l iot  n o i s e  p r o c e s s e s  h a s  
b a r e l y  Isecn tol.1~1-lccl ( r e f .  1 3 )  . 'J'hc salile j.s t r u e  f o r  sync11roniza.- 
t i o n  i n  a s11o.t n o i s e  envi~:oill i~ent ( r e f .  31) , a l t h o u q h  t h i s  w i 3 . l  b e  
fundmiel-1-kal to any sop l l i s t i cn . t cd  op-t ical .  co1nmunici.:-Lions s y s t e ~ c ~ .  
F1hs.t 11;l.s h e e n  attempted. ., r a . t h e r  , W;IS a p r e s e n t - a t i o n  vrhi.ch 
ansvrerecl t h e  c ~ ~ ~ - s t i . o n s  co11ccj:nincj t h 2  p h y s i c a l  ~noc'.~lLi.ng cf t h e  
sys tem &I-1c1 a !:cdv.c-Lion t o  t h c  t e r m s  riiost useful .  f o r  a n a l y s i s .  
Where such  a n a l y s i s  hzd reached  a ].eve1 of conveyi.iig a. r e a s o n z b l y  
comple te  underst .anding of a n  a s p e c t  of  t h e  problem,  i t  vras a l s o  
p r e s e n t e d .  I t  i s  hoped t.hat t h i s  paper  i s  tl lorough enoilyh t o  
m0t iva t .e  a d d i t i o n a l  r e s c a r c h  i n  t h i s  area. 
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